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Abstract 

It was pointed out in my last paper that there are rings whose real closure * are not 
unique. In [4] we also discussed some example of rings by which there is a unique real closure 
* (mainly the real closed rings). Now we want to determine more classes of rings by which 
real closure * is unique. The main results involve characterisations of domains and Baer 
regular rings having unique real closure *, and an example showing that regular rings need 
not be /-rings in order to have a unique real closure *. The main objective here is to find 
characterisation for uniqueness of real closure * for real regular rings that will primarily only 
require information of the prime spectrum and the real spectrum of the ring. 
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Unless otherwise stated all the rings in this paper are commutative unitary partially ordered 
rings (porings). If the partial ordering is not specified then it can be assumed to be the sum of 
squares of the elements of the ring. The reader is assumed to know results in [:!] Kapitel III. 

Definition. Given a poring A, we usually write to mean the partial ordering of A that is 
being considered. If B is an over-ring of a A that is also a poring and if it has the property that 
D j4+ we shall call it an over-poring of A 

Remark. Throughout when we deal with a poring A the Baer hull B{A) (see [4] Proposition 2) of 
the poring has the partial ordering 

n 

B{A)+ := (Y^b^.a, : n e N, 6, G B{A),a, e for i = 1, . . . , n} 

1=1 

In [9] a real closure * of a real ring was defined to be a real ring that is essential integral 
extension of the ring that is real closed *. One notices therefore that the definition is rather ring 
theoretic and the partial ordering of the ring is not even being questioned. This may lead to 
several confusion and in fact it may be necessary that we allow the partial ordering of our rings to 
play a role in the definition. Imagine for instance Q{^/2), this is a real field and it is well-known 
(see [(>] Example 2.1) that there are two total orderings of it , one is say a by which \/2 <E a (thus 
V2 is positive) and the other is say /3 with — \/2 G /3 (thus — \/2 is positive). Set A Q(\/2), 
then if a n /3 is the partial ordering of A, we see that from the definition of [0] A has two possible 
real closure * which are not contained in each other (and are real closed fields). Thus is indeed 
reasonable to require that the extension be a poring extension. 

Definition. Let ^ be a real ring, then a real closure * of v4 is a real ring B such that 
9 B is real closed * 

• _B is an essential and integral extension of A 
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If we require this then Q{\/2) with a or /3 as partial ordering have a unique real closure * but if 
its partial ordering is an/3 then the real closure * is not unique. This is a definition that has been 
used (but not mentioned) in [4] , for instance in [4] Theorem 23 we required that p{A) (the real 
closure of a real ring A) to be essential over A. Essentiality of p{A) is very much dependent on 
the partial ordering of A, as the construction of the real closure of A is dependent on the partial 
ordering of A and it is therefore sound to have the partial ordering play a role in our definition of 
real closure *. 

It is best that we define what we actually mean by the uniqueness of real closure 
Definition. Let A be a real ring 

1. ) If i? and C are over-rings of A, we say that they are A-isomorphic iff there is an isomorphism 

of porings 

f:B^C 

such that fiB = ic: where ib '■ A^ B and ic '■ A ^ C are the canonical poring injections. 
In other words B and C are A-isomorphic if there is a poring isomorphism between them 
which fixes A. We may use the notation 

B =A C 

to mean B and C are A-isomorphic. Similarly one defines A-isomorphic for porings, if it is 
not stated we usually do mean A-isomorphic as porings (i.e. the homomorphisms preserve 
order). 

2. ) We say that A has a unique real closure * iff the following holds 

• There is a real closed * ring B which is an essential and integral extension of A 

• If there is another real closed * ring, say C, which is essential and integral over A then 
C and B are A-isomorphic. 

If A does not satisfy the above, then we say that A has no unique real closure 

We note that we are particularly dealing with poring morphisms. So unless otherwise stated, 
all the maps and diagrams are in the category of porings. 

Notation. Let A be a real ring and B be an over-poring of it. Then by ic(A, B) we mean the 
integral closure of A in i? and with partial ordering 

ic(A,S)+ =S+nic(A,B) 

Thus we consider ic(A, B) as an object in the category of porings. 

Remark 1. By an essential extension or integral extension, unless otherwise stated. We mean an 
essential/integral extension of a poring which extends the partial ordering as well. 

Lemma 2. Let A and B be integral domains and A C i? as rings, then 

i. If B is integral over A, then Quot(i3) is integral over Quot(A). 

ii. If B is an essential extension of A and A is integrally closed in B then Quot(A) is integrally 
closed in Quot(_B) 

Proof, i. The first part is a basic result in field theory, the set of elements in Quot(i?) that is 
algebraic (or integral, as we are in fields) over Quot(A) form a field, call it K. Then B C K since 
B is integral over A. Moreover B C K C Quot(i?) implies that K = Quot(i3). Thus Quot(i3) is 
integral over Quot(A). 
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ii. Let 2 be an element of Quot(i3), with b,c G B and c ^ 0. Because B is essential over A, 
without loss of generality we may assume that c £ A. Suppose furthermore that ^ is an integral 
element of Quot(A). Then there is a polynomial 



/(T) = T" + y r ^ e Quot(A)[T] 
with Qi £ A and x £ ^\{0} and ^ a zero of /. So 

^ ^ 1=0 

Now multiply f{b/c) by (cx)" (which isnt 0, since c and x arent), then 
c"a;"/(6/c) = (6x)" + E(6a;)'c"-'x"-*-ia, 

1=0 

and therefore bx £ B is a zero of 

n-1 

T" + Y^ biT' £ A[T] 



where bi := c"^*.T"^'^^a,i g A for i = 0, . . . , n — 1. But A is integrally closed in B, so bx £ A. 
This implies that 

b/c = bx/cx £ Quot(y4) 

□ 

Remark 3. Note that in (ii) of above, essentiality is required. Since for instance Z is integrally 
closed in Z[r, T-\/2] and their respective quotient fields are Q and Q(\/2, T). Yet it is clear that 
Q isn't integrally closed in Q(%/2, T). 

Theorem 4. A real integral domain has a unique real closure * iff its quotient field has only one 
total ordering 

Proof. "<^" Let A be a partially ordered integral domain such that Quot(yl) has only one total 
ordering. Let Bi and B2 be two real closure * of A. Then Bi and B2 are real closed * rings and 
are integral and essential extensions of A. By Lemma 2 in [9] Bi and B2 are integral domains 
(Lemma 2 in [9] states that the essential extensions of integral domains are integral domains) . So 
we have a commutative diagram of porings below 

A C > B, 



i = 1,2 



Quot(A) C ^Quot(B,) 



with the lower horizontal map being an integral extension of Quot(i?i) (by the Lemma above). 

For i = 1,2, Bi is a real closed * ring and so by [9] Proposition 2 Quot(_B,;) is a real closed 
field and Bi is integrally closed in it. So Bi is the integral closure of A in Quot(i3i) (upto A- 
isomorphism) and therefore by the Lemma above Quot(^) > Quot(i?i) is an algebraic extension 
of Quot(^) which is real closed. But we assumed that the Quot(^) has only one point in its real 
spectrum and so up to A-isomorphism we can set 

R := Quot(Bi) = Quot(B2) 



3 



J. Capco 



Uniqueness of real closure * of Baer regular rings 



and Bi being the integral closure of A in i? (because R is real closed * and essential over A) we 
get upto A-isomorphism that Bi = B2. 

"=J>" Let A be a real integral domain with a unique real closure *. Suppose that Quot(^) has 
more than one total ordering. Then there are real closed fields Ki, K2 not containing each other 
(upto j4-isomorphism) and yet algebraic (integral) extensions of Quot(j4). 

Now for i = 1,2 let be the integral closure of A in Ki. Thus we have the commutative 
diagram of porings below 

A C >- A , C ^ 




i = 1,2 



Quot(Ai) 

And so by Lemma 2 Quot{Ai) is integrally closed in Ki, thus Quot(Ai) is a real closed field (see 
[3] KoroUar of p. 17) with Ai integrally closed in Quot(Ai). We can thus conclude that Ai is a real 
closed * integral domain which is an essential and integral extension of A. So by uniqueness of 
real closure Ai ^ A2 upto A-isomorphism and we can also set 

R := Quot(yli) = Quot(A2) 

we thus have 

Quot(A) ^ R'-^ K, z = 1, 2 

with Ki,K2 being algebraic extensions of Quot(A) and being real closed. But this only implies 
that Ki ~ K2 = R upto Quot(A)-isomorphism. This contradicts our original assumption for A'l 
and K2. □ 

Proposition 5. Given a real domain A, B isa. real closure * of A iff _B is the integral closure of A in 
some real closed field K algebraic over Quot(74) with A'+ extending Quot(A)+, and _B+ = 50/1'+. 

Proof. Let i? be a real closure * of A, we then have the following poring monomorphism 

A ^ B, with B being integral over A. Because of [!)] Proposition 2, Quot(i3) is a real closed 
field and B is integrally closed in it. We thus have the following embeddings of partially ordered 
integral domains 

— > B ^ — > Quot(B) 

and B is thus the integral closure of A in Quot(i?) (as Quot(_B) is trivially essential over both B 
and A). Moreover because B is integral over A, by Lemma 2(i) Quot(i3) is algebraic over Quot(A). 
The part regarding the partial orderings are automatically satisfied, as we have throughout been 
dealing with poring monomorphisms the canonical partial orderings of Quot(j4), Quot(B). 



"4=" Let be a real closed field and suppose it satisfies the sufficiency conditions of the 
Proposition. Thus we assume that 

B^iciA,K), B+^BnK+ 

We therefore have the following poring embeddings 

Ac B C Quot(B) C K 

B is integrally closed in K and K is obviously essential over B, this implies (by Lemma 2(ii)) 
that Quot(i3) is algebraically closed in K. By [.3] KoroUar p. 17, Quot(_B) is therefore a real closed 
field. Thus by [9] Proposition 2, S is a real closed * ring. □ 
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Proposition 6. Let A be a real von Neumann regular ring and let B be an essential extension 
of A such that it is a von Neumann regular real closed * ring. Then one real closure * of A would 
be the integral closure of it in S. 

Proof. Denote A to be the integral closure of A in B. By Corollary 1.10 in [S], A is a von Neumann 
regular ring. Moreover B is essential over A. Thus Q{B) may be regarded as an over-ring of Q{A) 
(see [12] Satz 10.1). And the diagram of porings below 

C 



A 



-> B 



■Q{B) 



is commutative. Since B is real closed *, it contains all the idempotents of Q{B) (thus also all 
idempotents of Q{A)), and since A is integrally closed in B it contains all the idempotents of 
Q{A). In other words A is Baer. 

By Proposition 14 in [4] B is also a real closed ring. And because ^ is a von Neumann regular 
integrally closed subring of B (which is an /-ring). A must be a sub-/-ring of B (see Lemma 13 in 
[4]). Theorem 9 in [ i] tells us that an integrally closed von Neumann regular sub- /-ring of a real 
closed ring is itself real closed. Thus A is Baer and real closed and from the characterization of 
real closed * von Neumann regular rings found in [4] Theorem 15 this means that A is real closed 
*. □ 

Definition. If a commutative unitary ring A has and over-ring B. Then by Zorn's Lemma, there 
exists an ideal I of B such that 

• ir\A= (0) 

• If J D / is an ideal of B and if J n A = (0) then J = I 

This ideal then makes the canonical ring homomorphism A ^ B/I an essential extension of A 
(therefore B/I can also be considered as an over-ring of A). For such an / we say that / makes 
A ^ B B / 1 an essential extension (of A) 

Proposition 7. If A is a real von Neumann regular ring and if is a real closure * of A, then B 



is actually the integral closure of A in R/ 1 for some product of real closed fields R 
with Kp algebraic over A/p , (A/p)+ C and some ideal I of R making 



rispcc A 



R^ R/I 



an essential extension of A. 



Proof. We know that B is essential and integral over A (as porings), thus by [S] Corollary 1.10 it 
is a von Neumann regular ring and by [s] Lemma 1.14 the canonical spectral map 

(j) : Spec B Spec A ^(p) := p n A 

is surjective. Now to make everything short we set X := Spec A and Y := SpecB. 

For each x & X, choose one representative yx ^ Y such that (t){yx) ~ x. We now have the 
following commutative diagram 




n Biy- 
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where tt is just a projection and / is just an extension of the canonical map 

A^l[A/a 



/X 

(since A/x ^ B/yx is a real field extension) and the other unlabelled maps are canonical injections. 
Let us set R := B/yx and by Zorn's Lemma choose ideal / of i? making 

sex 

A C ^—^ R >R/I 

an essential extension of A. Then we have the following commutative diagram of porings 

A ^ > B 




with the vertical map being a monomorphism because both the diagonal and the horizontal maps 
are essential extensions. So B can be considered as a sub-poring of R/I. In fact the B ^ R/I is 
an essential extension of B and B is the integral closure of A in R/I (by the real closed *-ness of 
B). □ 

Theorem 8. Let A be a real von Neumann regular ring and let B and C be two real closure * 
of A. Set X :— Specy4, Y Spcci? and Z := SpccC, then B and C are A-isomorphic iff for all 
X € X there exists y^ (z Y and Zx (z Z such that 

yx n A ^ Zx n A = X 

and that the real closed fields B/yx and C/zx are (A/a;)-isomorphic. 

Proof. Clear! 

"-<=" For each x £ X wc have the following commutative diagram 

A i^A/x^ ^B/yx 



C/Zx 

We therefore also have 

A c y n ^/^c y n ^/y- 




xex 

So rixex B/yx and Hajex ^/^x are A- and (IItgx ^/a;)-isomorphic and we can identify them as 
the same poring, setting say 

^ := n ^/y- - n ^/^- 

xGX xGX 
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We have moreover the following commutative diagram 




, where tti and tt2 are just projections. Now by Zorn's Lemma we can find an ideal I oi R making 
A R —f> R/I an essential extension of A. So we have the following commutative diagram 

A C > B 



C 



R 



-^R/I 



which becomes (B 
extensions of A) 



R/I and C R/I become monomorphisms, as B and C are essential 



>- B 




C C >R/I 

Now the above diagram of porings have all its morphisms as essential extensions. Moreover, recall 
that B and C are real closed * rings and integral extensions of A. R/I is a real ring and an 
essential extension of both B and C, thus both B and C are integrally closed in R/I (by the real 
closed *-ness of B and C). Thus they are A-isomorphic to the integral closure of A in R/I. Note 
that here, we hardly concerned ourselves in checking whether the partial ordering matched, as B 
and C are real closed rings (by [4] Proposition 14) and so their only partial ordering would be the 
squares of their elements (see [5] Proposition 2.3.10, they are also /-rings which means that their 
partial orderings cannot be strengthened, see for instance [7] Proposition 1.11). □ 

Definition. • Henceforth, when wc say a real field is a real field extension of another, we mean 
that the embedding is a poring morphism (i.e. the partial ordering of the lower field is also 
extended). 

• Let A be a reduced poring, then an over-poring B of A is called an epof (extension of product 
of fields) of A if 

B = Yi ^'p ^itli = 

peSpcc A 

where are real closed fields algebraic over Quot(y4/p) and extending the partial ordering of 
A+/P (i.e. A+/P c K^). 

Notation. If A is a poring, then for any prime cone a G SperA we can associate it (bijcctively) 
to a real ideal p = supp(a) and a real closed field T (see [3] Definition la) which is algebraic over 
Quot(A/p) and extends the partial ordering ^^/p, this real closed field will be denoted by p{a). 

Corollary 9. Let A be a real Baer von Neumann regular ring, then A has a unique real closure * iff 
there is an X C Sper A such that for any epof B oi A and any ideal I oi B making A ^ B ^ B / 1 
an essential extension we have 

X = {a e Sper A : p{a) ~A(a) C{a,p) for some p G yB(-^ + supp (a))} (1) 

where A{a) := A/supp(a) and C(a,p) :— ic(yl/supp(a), i?/p). 
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Proof. Let C be the unique real closure * oi A and set 

X := {a & Sper^ : p{a) —A{a) C/p for some p e Vc'(supp(Q!))} 

Let B be an epof of A and / be an ideal of B making A B/I an essential extension of A. We 
claim that X ^ S, where S C Sper A is the right hand side of the equality in Equation (1). 

"C" Suppose a € SperA, p S Vc'(supp(Q!)) and p{a) —A{a) C/p, then because ic{A,B/I) is a 
real closure * oi A (since A is Baer, and by [n] Corollary 1.13 B/I is also Baer and one can then 
use [4] Theorem 15 and Proposition 6), we may consider C as an intermediate poring of A and 
B/I. Thus 

Ac C a B/I 

Let q G yB(/ + supp(a)) such that (q + /)nC = p (such a q exist, because A ^ B/I is an essential 
extension). Then 

A/supp(q;) C C/p C B/q 

are embedding of fields. Now since C/p and B/q are real closed fields (recall C is real closed *) 
and since C/p is algebraic over A/supp{a), we can write C/p = C{a,p). 

"D" Let a G Sper^ and p{a) =A{a) C{a, p) for some p £ Vsil + supp(Q!)), then as before we 
can write Ac C C B/I and ^/supp(Q!) C C/{pf^C) C B/p. Also we see that pnC £ Vc'(supp(a)) 
and C/{pC^C) = C{a,p). 

"<^" This side of the proof will be done in steps. 

1. Let Ai, i ~ 1,2 be real closure * of A. From now on the variable i varies always between 1 
and 2. 

2. By Proposition 7, there exists epof Ri of Ai, and ideal li of Ri making A ^ Ri/Ii an essential 
extension of A and such that 

A^A,^ RJI, 

are embedding of porings. 

3. Set 

X^ {a e Sper A : p{a) ic(A(a), Ri/p) for some p G Vr.{Ii + supp(Q!))} 

then by assumption Xi = X2 

4. Note: 

(a) For all p S Vff;(/i) there always exists an a € Sper A such that pH A = supp(a) and 

Pia) =A(a) ic{A{a),R,/p) 

This is by the very definition of the real spectrum of A and the fact that Ri /p is a real 
closed field. 

(b) Because of the following composition of essential extensions 

A^A,^ RJU 

we can for each p £ SperA find a pi e SpecA^ lying over p and a q^ € Spec(i?i//i) 
lying over pi. Here we didn't use essential extension, or that A is Baer. Only the fact 
that the overrings ,of A which is a von Neumann regular ring, are von Neuman regular 
(see [8] Lemma 1.14). 

5. So suppose p e Spec A 
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(a) By (4b) there is a p i G Spec Ai and such that piOA = p and (4a) there is an a € Sper A 
such that p = supp(a) and that 

p(a) =A{a) ic{A{a),Ri/qi) 

where qi e Vr^ (/i) with qi + /i £ Spec (i?i//i) lying over pi (existence of such a qi is 
by (4b)). Thus 

Ai/Pi ^A{a) ic(A(a),i?i/qi) 

since 

A/supp(a) ' — > Ai/pi = — > i?i/qi 

are real extensions of fields and Ai/pi is algebraic over A/supp(a) and itself real closed 
(as Ai is real closed *). 

(b) Now a in (5a) is in Xi, so by (3) a E X2 as well and therefore 

3q2 e Vr2(/2 + supp(a)) * p{a) ic(A(a), i?2/q2) 

If we set p2 = q2 n j42 we have real field extensions 

A/supp(a) ' — > AiIpi ' — > i?2/q2 

and therefore p{a) =A{a) A2/P2, which also means Ai/pi ^a/p ^2/p2- Now one uses 
Theorem 8 to show that Ai and A2 are A-isomorphic. 

□ 

Theorem 10. Corollary 9 holds even if we drop the assumption that A is Baer. 

Proof. The proof is just a slight modification of Corollary 9. The sufficiency of the Corollary was 
proved without making use of the assumption that A is Baer, therefore we need only show the 
necessity. 

Again we let C be the unique real closure * of A and set 

X := {a E Sper A : p{a) =A{a) C/p for some p £ Vc(supp(Q!))} 

we then show that if B is an epof of A and / is an ideal of B making A B/I an essential 
extension then 

X = {a e Sper A : p{a) =A(a) C{a, p) for some p e Vb{I + supp(a))} 

"C" Let a g Sper A and p{a) ~A(a) C/p for some p S Vc'(supp(Q;)) then we have the following 
commutative diagram of porings 



y4/supp(Q;) 




where D = B{B/I) and p is a prime ideal of D lying over p e SpecC (this is possible because of 
[8] Lemma 1.14), and q e SpecB such that q + / = p n B/I. 

Now B and D are real closed von Neumann regular rings (see [4] Remark 1 and Corollary 
4) thus B/q and D/p are real closed fields ([4] Remark 1) with B/q being integrally closed (or 
algebraically closed, as we are dealing with fields) in D/p. C is itself a real closed ring integral 
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over A, thus Cp is a real closed field integral/algebraic over A/supp(a), therefore we can as well 
conclude that 

ic(A/supp(Q;),i:)/p) ic{A/snpp{a),B/q) = C/p 
and by our choice of q we have c\ £Vb{I + supp(a)). 




"d" Let a £ Sper^ and p{a) —A{a) C{a,p) for some p € yB(/ + supp(Q!)), then there exists 
p e Spec D lying over p + /. Thus we have the following commutative diagram of porings 



A/supp(q;) 



C/q 

where q = p H C. Again however we have (similar arguments as in "c") 

C/q = ic(yl/supp(Q;), ZJ/p) = ic(yl/supp(Q;, B/p) = C(a,p) 

and by the choice of p we have q £ Vc(supp(Q!)). □ 

Notation. Supposing that a commutative ring A is the product of rings, say A := Ho^ex then 
for any element a £ A and any x £ X we let a{x) to be the canonical projection of a in R^. 

Definition. If X is a topological space, we say x £ X is isolated iff {x} is a clopen set. li x £ X 
is not isolated then we say it is non-isolated. 

Proposition 11. Let A be a real von Neumann regular Baer ring and suppose that there exists a 
p £ Spec^ such that jjsupp^^jp} > 1 and p is isolated in Spec A. Then A does not have a unique 
real closure *. 

Proof. Since p is isolated in Spec A and A is von Neumann regular, there exists an e £ A such 
that = e and V{e) = {p} (see for example [11] Corollary 3.3(4)). Set B := IlqeSpccA^/l' ^^'^^^ 
we may regard ^ as a subring of B and we may write 



1 q^P 
q = p 



e(q) = 

Let I < B he such that (Zorn's Lemma) 

• (0) Cl CeB 

• / n A = (0) 

• Vx e eB\I {I + xB)nAy^ (0) 
We claim that 

Vx £ B\I {I + xB) n A 7^ (0) 

We prove by contradiction, suppose there exists an x £ B\I such that (/ + xB) n ^ = (0). Then 
clearly x ^ eB and that x £ {1 — e)B* (note that B is a von Neumann regular ring, thus B can be 
written as the direct sum of eB and (1 — e)B). Therefore 1 — e G xB which implies l — e£ I + xB. 
But 1 — e £ A and this contradicts our assumption. 

The above implies then that A ^ B/I is an essential extension. 

Now consider a,l3 £ Sper74 such that a ^ (3 and supp(a) = supp(/3) = p. Moreover, consider 
the following epofs of A 

Bi = p{a) X W 

qeSpecyl\{p} 
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B2 = p{P) X n 

qeSpcc/l\{p} 

where for q G Spec^\{p}, is a real closed field which is a real field extension of A/c[. We now 
throughout let i = 1 , 2 and . . . 

Pick an ideal li < Bi (Zorn's Lemma) such that 

• (0) C /, C eB, 

• n A = (0) 

. V.T e eB,\h {h + xB,) n A ^ (0) 

One then shows analogous to the case for _B, that Ii < Bi makes A Bi/ li an essential extension. 

Now eBi + li is a maximal ideal of Bi/Ii which restricts to p in A. Note also that because A 
is a Baer ring, Bi/Ii Corollary 1.13) is Baer and 

Spec Bi / li — > Spec A 

(see for instance [<S] Proposition 1.16 or Remark 1.17) is a homeomorphism. 

Now assume that A had a unique real closure *, say C. Then C can be considered as an 
intermediate poring of A and Bi/Ii (Because of [4] Theorem 15 and Proposition 6). One thus has 
the canonical poring injection of Baer von Neumann regular rings 

A^C ^ B,/U j = l,2 

and canonical homeomorphism of spectral spaces 

Spec B,/h Spec C ^ Spec A i = 1,2 

and real field extensions 

A/p C/po B,/B,e 

where po is the unique (by the homeomorphism of spectral spaces above) prime ideal in Spec C 
such that po n A = p, which is the same as (B^e + li) n C. 
But 

Bi/Bie = p{a), Ba/Bae = p{/3) 

and because C is a real closed * von Neumann regular ring, C/po is a real closed field which is 
an algebraic extension of A/p and has real field extensions p{a) and p{(3)- But the natural field 
extension between A/p and p{a),p{/3) is an algebraic extension. This will only mean that 

C/Po =A/p P{a) ^A/p P{P) 

which is a contradiction, as we assumed a ^ f3. Thus we can finally conclude that A cannot have 
a unique real closure * □ 

Lemma 12. Let A be a real Baer von Neumann regular ring and let p G Spec A and B an epof 
of A. Denote e E B for the idempotent in B such that 



e(q) 



1 q^P 
q = p 



then p is an isolated point of Spec A iff 

31 < B ^ B// is an essential extension of A and / C eB 
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Proof. The proof of this is contained in the beginning of the proof of Proposition 11. 

Since / C eB, eB + I is a prime ideal of B/I. Now eB is an isolated point of Spec B (since 
Vsie) ~ {sB}) and so eB + / is an isolated point of SpccB/I (since by [3] p. 99 Satz 7, SpccB/I 
can be canonically regarded as a subspace of Speci?). But A ^ _B// is an essential extension and 
A is Baer, therefore Spec B/I is canonically homeomorphic to Spec A (by [8] Remark 1.17). And 
so {eB + /) n ^ = p is an isolated point of A. □ 

Example. Let X be an extremally disconnected Stone space with non-isolated points (such space 
if it has a non-isolated point, their count must be infinite. An example of such a space is the 
prime spectrum of infinite product of fields in the category of commutative unitary rings). Let 
K :— Q(a/2) and consider 

A -.^ {f : X K : yk e K f~\k) is open in X} 

Also for any x G X and C ^ we set 

S\x := {fix) : feSjcK 

We shall now state some facts about A and give partial proofs of them (as they are straight- 
forward) : 

1. A has a canonical ring structure 

2. A is zero-dimensional and reduced (ie. regular) 

Take any / e A, show that g : X ^ K, defined by ^(.t) = iff f{x) = and g{x) = f{x)~^ 
iff f{x) 0, is in A and in fact the quasi-inverse of /. 

3. There is a canonical homeomorphism 

Spec A x^ := {f e A : fix) = 0} 
Thus A is Baer (as X is extremally disconnected. 

4. Because X is Boolean, for any x £ X we have the identity 



Px\z 



K z ^ X 
z = X 



5. For all X e X, one has a well-defined and canonical isomorphism of real fields 

A/p^~^K /modp^ 1-^ /(a;) 



This ring can be found in some literature, compare for instance the remark in the last paragraph 
of [2] p. 779. For the proof of the facts above one also sees similarities in the arguments found in 
[1] Chapter 1, Excercise 26. 

Fix a non-isolated point y E X and for i G {0, 1} set Pi to be the total ordering of K such that 
(-1)''V2 e P^. Now set 

A+ := {feA: fix) e Po if x ^ y and fiy) G ^ K^} 

one easily checks that is a partial ordering of A. Without loss of generality we identify X and 
Spec A. 

We now claim: 
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6. supp|(Sper A)\supp ^{y} is injective 

For this we need to first study the real spectrum of A (equiped with the partial ordering 
A+. By definition if a G Sper A then A+ C a and —a n a = supp(a) £ Spec^. Thus one 
easily checks ,by the properties defining prime cones (see e.g. ADD Reference Bochnak) and 
by 4., that for all x £ X either a\x = K (i.e. supp(Q!)|a: = K) or that a\x is a total ordering 
of if (i.e. supp(a)|a:: = {0}). 

Since A is von Neumann regular, every x € X\{y} has a supp preimage (i.e. supp is 
surjective), say a e Sper A is a point in the preimage of x. Now for any z ^ X, A'^\z C a\z 
so by the argument in the previous paragraph a must have the property (because ^^|a; = 
Po C a\x and a\x is a total ordering of K) 

K z ^ X 
z = X 

this alone completely determines a (by the very definition of A and the fact that X is 
Boolean). Thus the claim holds. 

7. tfsupp-H?/} - 2 

If Q £ supp~^{t/} then this time supp(a)|y — {0} implies that a\y is a total ordering of K 
and 

A+\y = Y,K^ Cla\y 

giving a\y the choice of being either Pq or Pi (and a\x = for x E X\{y}). Thus giving use 
2 points in supp^^jy}. 

8. The poring A has a unique real closure * 

Let C be a real closure * of ^ (so C+ D ^^), then by Proposition 7 there exists an epof 
B = Yixex ^ ^'i*^ ideal I < B such that A ^ B/I is an essential extension of A 

and C = ic{A, B/I). One then has the commutative diagram of porings 

A ^ ^B/I 



X e X, X e Vb{i + x) 



A/x' 



-^B/i 



with all the maps being canonical (note that '^Vb{I + x) = 1 because A is Baer and B/I an 
essential extension of A) . 

Let / e A such that f{x) = \/2 for all x £ X, and set 



n 

xeX\{y} 



to be the canonical (poring) projection of B. Observe now that from the choice of one 
has 7r(/) e 7r(P)+. 

By Lemma 12 / ^ eB where e G P is defined by 



e{x) 



1 X ^y 
X ~ y 



this implies at once that 1 — e G / and so there is a well-defined isomorphism of porings 
B/I — >n{B)/TT{I) b + I^7r{b)+7r{I) 
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Note that the working rings are real von Neumann regular, therefore / and 7r(/) are real 
ideals. 

All in all, one can conclude that (by identifying B/I with tt{B)/tt{I)) 

V2 = m) = 02 (^(/)) e {B/x)+ xex 

Now Spec C, Spec ^, Spec (i?//) are canonically homeomorphic (spectral maps of essential 
extensions of Baer regular rings). Also C/xC ~ ic{A/x, B/x) for all x G X (note that 
xC € SpecC, for an idea why see [n] proof of Lemma 1.14 and Remark 1.17, and is the 
unique prime ideal of C lying over x). And because -\/2 g (C/xB) n {B/x)~^ we conclude 
that C/xB ^A/x Rq where Rq is the field of real algebraic numbers. 

The choice oi x G X and C as the real closure * of ^ was arbitrary, therefore one can say 
that family of factor fields (indexed by X) of any two real closure * of A are the same (upto 
suitable A/x-isomorphism for some x € X). With Theorem 8 we can therefore conclude 
that A has a unique real closure *. 

The example above just shows us that there are von Neumann regular rings with unique real 
closure * and yet they are not /-rings. In fact we have a general case below 

Theorem 13. Let yl be a real von Neumann regular ring and 

X := {p e Spec^ : tJsupp-i(p) ^ 
be dense in Spec A, then A has a unique real closure * 

Proof. Let Ci and C2 be two real closure * of A and let i G {1, 2}. Denote Zt = SpecCi, then the 
canonical morphism 

Zi Spec A z 1-^ z n A 

is surjective. 

So for each x G X iix zf G Zi such that z'f O A ~ x. We then have the canonical poring 
morphism 

A^a^H a/z^ 

which is a monomorphism (i.e. A is embedded as poring in Yixex ^i/ ^f) since X is dense in 
Spec A. 

Moreover 

n ^1/^2 = n ^1/^2 

x^X x^X 

Because for all x € X , Ci / zf is a. real closed field algebraic over A/x and a real field extension of 
it, but A/x has only one (upto ^/a;-isomorphism) real field extension which is a real closed field 
(by the very definition of X). So set 

B := n Ci/^r 
xex 

we then have the following commutative diagram of porings 




C2 
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Now by Zorn's Lemma there is an / < i? such that 

^ c — , B ^ B/I 

is an essential extension of A. Furthermore we learn that Ci ^ B/I itself is an essential extension 
(of Ci) as A ^ Ci and A ^ B are essential extensions (of A). We thus now have the commutative 
diagram of porings below 




We then finally see that (by the fact that d is a real closure * of A) 

a =A HA, B/I) i = l,2 

which means that 

□ 

Finally we give a characterisation of real Baer von Neumann regular rings having unique real 
closure *. 

Notation. Given a poring A and oi, . . . , a„ G A we use the notations 

PA(ai, . . . , a„) := {a € Sper A : ai, . . . , a„ G Q!\supp^(Q!)} 
= {a £ Spcr A : ai (a) , . . . , a„ {a) > 0} 

where by ai{a) we mean modsupp(Q;) considered as an element of p{a). 

If it is clear with which ring we are working with, we drop the subscript A above and we just 
write -P(ai, . . . , a„). 

Theorem 14. Let ^ be a formally real Baer, von Neumann regular ring. Then A has no unique 
real closure * iff there exists an x £ A such that 

[suppP(a;) n suppP(-x)]° ^ 

Proof. Let Ci and C2 be two real closure * of ^ such that they are not A-isomorphic. Then 

by Theorem 8 there exists a p € Spec A such that 

note that pCi € Spec Ci is a unique prime ideal in Spec Ci lying over p G Spec A (here we used the 
fact that A is Baer, see [8] proof of Proposition 1.16). Thus there are distinct ai, a2 G supp~^(p) 
such that 

Ci/pCi =A/p p{ai) 1 = 1,2 
Let now i = 1, 2, we then have the following commutative diagram of spectral spaces 




1 = 1,2 



Spec A 
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where 0^ is the canonical map between the real spectrum of Ci and the real spectrum of A after 
identifying Spec Ci and SperC^ (as suppp. is a homcomorphism) , and is the canonical map 
between the prime spectrum of Ci and that of A (by contracting the prime ideal of Ci to A). By 
[8] Remark 1.17 (here A Baer is used), ipi is a homcomorphism of spectral spaces. 
Choose now x € ai\a2. Then we have 

supp^P(x) D M'l'I^Pix)) 

and ai G P{x) implies that p G ^/ji{(f)i^ P{x)). Similarly 

supp^F(-x) D M'l^2^Pi-x)) 

with a2 G P{—x). Thus 

MK'Pi^))(^M^2'Pi-=^)) 

is a nonempty open subset (p is contained in it) of 

suppP(2;) n suppP(— x) 



" Let X G A such that there exists an nonempty open set 

U C suppP(x) n suppP(— .t) 
Without loss of generality we may assume that U is clopen (as Spec A is a Stone space). Define 



/iSpecA—. y A/p 

p£Spec A 



by 



X mod p p E U 
p^U 



Since A is a von Neumann regular ring, we can identify Ap and A/p (i.e. they are canonically 
isomorphic as fields) and regard / as an element of the global section of the (canonical) sheaf 
structure of A. Thus we may regard / as an element of A and identify / mod p with the germ /(p) 
in the stalk Ap = A/p. 

Choose the following epofs of A 

5i = n ^(tp) ^ n ^("p) 

p^u peu 

B2=i[ php) X n p(0p) 

where for p ^ U, jp G supp^^(p) (note that supp^ here is surjective) and for p e 

ap,Pp e supp"^(p) 

is chosen in such a way that ap S Pix) and f3p G P{—x). 

One now observes at once that / > in Pi and / < in P2- Moreover, we have the following 
commutative diagram of porings 



A 



-^B,/h 



1,2 



■B{B,/Ii) 
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where the right vertical map is the canonical morphism (taking the factor module /;) and is an 
ideal of Bi making A Bi/Ii an essential extension of Ai, and Ci := ic{A,B{Bi/Ii)) (which we 
know, by Proposition 6 and [4] Theorem 16, to be a real closure * oi A). A can be regarded as a 
subring of Bi / li and we know in particular that 

/ e {B,/h)+\{Q} ^fe B{B,/h)+\{0} and / E -{B^/ 12)+\{0} ^ / £ -BiB^/ hj+XM 

Thus 

/ e C+\{0} and / e -C+\{0} 

making us conclude that 

□ 
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